Abstract. Zeno behaviors are one of the (perhaps unintended) features of many hybrid models of physical systems. They have no counterpart in traditional dynamical systems or automata theory and yet they have remained relatively unexplored over the years. In this paper we address the stability properties of a class of Zeno equilibria, and we introduce a necessary paradigm shift in the study of hybrid stability. Motivated by the peculiarities of Zeno equilibria, we consider a form of asymptotic stability that is global in the continuous state, but local in the discrete state. We provide sufficient conditions for stability of these equilibria, resulting in sufficient conditions for the existence of Zeno behavior.
Introduction
Hybrid models have been used successfully during the past decade to describe systems exhibiting both discrete and continuous dynamics, while they have simultaneously allowed complex models of continuous systems to be simplified. We are interested in the rich dynamical behavior of hybrid models of physical systems. These hybrid models admit a kind of equilibria that is not found in continuous dynamical systems or in automata theory: Zeno equilibria. Zeno equilibria are collections of points which are invariant under the discrete component of the hybrid dynamics, and which can be stable is many cases of interest.
Mechanical systems undergoing impacts are naturally modeled as hybrid systems (cf. [1] and [2] ). The convergent behavior of these systems is often of interest-even if this convergence is not to "classical" notions of equilibrium points. This motivates the study of Zeno equilibria because even if the convergence is not classical, it still is important. For example, simulating trajectories of these systems is an important component in their analysis, yet this may not be possible due to the relationship between Zeno equilibria and Zeno behavior.
An equally important reason to address the stability of Zeno equilibria is to be able to assess the existence of Zeno trajectories. This behavior is infamous in the hybrid system community for its ability to halt simulations. The only way to prevent this undesirable outcome is to give a priori conditions on the existence of Zeno behavior. This has motivated a profuse study of Zeno hybrid systems (see [1, [3] [4] [5] [6] [7] [8] to name a few) but a concrete notion of convergence (in the sense of stability ) has not yet been introduced. As a result, there is a noticeable lack of sufficient conditions for the existence of Zeno behavior. We refer the reader to [3, 7, 8] for a more thorough introduction to Zeno behavior.
Our investigations into the stability of Zeno equilibria are made possible through a categorical framework for hybrid systems (as first introduced in [9] and later utilized in [10] ). This theory allows "non-hybrid" objects to be generalized to a hybrid setting. Specifically, let T be a category, i.e., a collection of mathematical objects that share a certain property together with morphisms between these objects. A hybrid object over this category is a special type of small category H, termed an H-category, together with a functor (either covariant or contravariant) S : H → T . Morphisms between objects of T are generalized to a hybrid setting through the use of natural transformations.
The main contribution of this paper is sufficient conditions for the stability of Zeno equilibria. As a byproduct, we are able to give sufficient conditions for the existence of Zeno behavior. The categorical approach to hybrid systems allows us to decompose the study of stability into two manageable steps. The first step consists of identifying a sufficiently rich, yet sufficiently simple, class of hybrid systems embodying the desired stability properties: first quadrant hybrid systems. The second step is to understand the stability of general hybrid systems by understanding the relationships between these systems and first quadrant hybrid systems described by morphisms (in the category of hybrid systems).
Classical Stability: A Categorical Approach
In this section we revisit classical stability theory under a categorical light. The new perspective afforded by category theory is more than a simple exercise in abstract nonsense because it motivates the development of an analogous stability theory for hybrid systems and hybrid equilibria to be presented in Sections 4 and 5. We shall work on Dyn, the category of dynamical systems, which has as objects pairs (M, X), where M is a smooth manifold 3 and X : M → T M is a smooth vector field. The morphisms are smooth maps f : N → M making the following diagram commutative:
The subcategory Interval(Dyn) of Dyn will play an especially important role in the theory developed in this paper. This subcategory is the full subcategory of Dyn 
We can therefore identify a morphism c : (I, d/dt) → (M, X) with a trajectory of (M, X). Furthermore, the existence of a morphism f : (N, Y ) → (M, X) implies that for every trajectory c :
is a trajectory of (M, X). In other words, a morphism f : (N, Y ) → (M, X) carries trajectories of (N, Y ) into trajectories of (M, X).
Remarkably, stability also can be described through the existence of certain morphisms. Let us first recall the definition of globally asymptotically stable equilibria. Definition 1. Let (M, X) be an object of Dyn. An equilibrium point x * ∈ M of X is said to be globally asymptotically stable when for any morphism c :
, for any t 1 > t and for any ε > 0 there exists a δ > 0 satisfying:
Consider now the full subcategory of Dyn denoted by GasDyn and defined by objects (R + 0 , −α) where α is a class K ∞ function. Lyapunov's second method can then be described as follows: Theorem 1. Let (M, X) be an object of Dyn. An equilibrium point x * ∈ M of X is globally asymptotically stable if there exists a morphism:
The previous result suggests that the study of stability properties can be carried out in two steps. In the first step we identify a suitable subcategory having the desired stability properties. In the case of global asymptotic stability, this subcategory is GasDyn; for local stability we could consider the full subcategory defined by objects of the form (R + 0 , −α) with α a non-negative definite function.
The chosen category corresponds in some sense to the simplest possible objects having the desired stability properties. In the second step we show that existence of a morphism from a general object (M, X) to an object in the chosen subcategory implies that the desired stability properties also hold in (M, X). This is precisely the approach we will develop in Sections 4 and 5 for the study of Zeno equilibria.
Categorical Hybrid Systems
This section is devoted to the study of first quadrant hybrid systems, categorical hybrid systems, and their interplay. We begin by defining a very simple class of hybrid systems; these systems are easy to understand and analyze, but lack generality. We then proceed to define general hybrid systems through the framework of hybrid category theory; these systems are general but difficult to analyze. The advantage of introducing these two concepts is that not only can they be related through explicit constructions, but also through the more general framework of morphisms in the category of hybrid systems. This relationship will be important in understanding the stability of general hybrid systems.
First Quadrant systems. In order to understand the stability of general hybrid systems, we must consider a class of hybrid systems analogous to the objects of GasDyn; these are termed first quadrant hybrid systems. It is not surprising that these would be chosen as the "canonical" hybrid systems with which to understand the stability of Zeno equilibria as they already have been used to derive sufficient conditions for the existence of Zeno behavior in [3] .
A first quadrant hybrid system is a tuple:
where -Γ = (Q, E) is an oriented cycle, with
where for all i ∈ Q,
-G = {G e } e∈E , where for all e ∈ E G e = {(x 1 , x 2 ) ∈ R 2 : x 1 = 0 and x 2 ≥ 0}.
-R = {R e } e∈E , where R e : G e → (R + 0 ) 2 and for all e ∈ E there exists a function r e : R + 0 → R + 0 with R e (0, x 2 ) = (r e (x 2 ), 0).
Before discussing the stability properties of first quadrant hybrid systems, we need to relate them to more general hybrid systems. This is accomplished by introducing a categorical framework for hybrid systems. As outlined in the introduction, a hybrid object over a category is a pair S : H → T. Since we allow S to be any functor, the main component of the definition is the small category H which must be an H-category; the special form of this small category directly reflects its ability to describe "hybrid objects." Therefore, in order to define hybrid objects over a category, we must invest a rather sizable amount of effort in understanding the definition and structure of H-categories.
H-cateogries. We start by defining a specific type of small category termed an oriented H-category and denoted by H. This is a small category (cf. [11] ) in which every diagram has the form:
That is, an H-category has as its basic atomic unit a diagram of the form:
and any other diagram in this category must be obtainable by gluing such atomic units along the target of a morphism (and not the source). In addition, we require the existence of an orientation on H. Before defining such an orientation, some additional definitions are needed. Denote by Ob(H) the objects of H, denote by Mor(H) the morphisms of H, and by Mor id (H) the set of non-identity morphisms of H. For a morphism α : a → b in H, its domain (or source) is denoted by dom(α) = a and its codomain (or target) is denoted by cod(α) = b. For H-categories, there are two sets of objects that are of particular interest; these are subsets of the set Ob(H). The first of these is called the edge set of H, is denoted by Ob (←·→) (H), and is defined to be
The symbol Ob (←·→) ( · ) is used because every object a ∈ Ob (←·→) (H) sits in a diagram of the form:
called a bac-diagram. Note that giving all diagrams of this form (of which there is one for each a ∈ Ob (←·→) (H)) gives all the objects in H, i.e., every object of H is the target of α a or β a , or their source, for some a ∈ Ob (←·→) (H). More specifically, we can define the vertex set of H by
where Ob (←·→) (H) c is the complement of Ob (←·→) (H) in the set Ob(H).
Oriented H-categories. We can orient an H-category by picking a specific labeling of its morphisms. Specifically, we define an orientation of an H-category H as a pair of maps (α, β) between sets:
such that for every a ∈ Ob (←·→) (H), there is a bac-diagram in H:
We can form the category of oriented H-categories: Hcat. A morphism between two oriented H-categories, H and H (with orientations (α, β) and (α , β ), respectively), is a functor F : H → H such that the following diagrams
commute. This requirement implies that, if a ∈ Ob (←·→) (H) with corresponding bac-diagram (2) in H, there is a corresponding bac-diagram:
where F (a) ∈ Ob (←·→) (H ).
From graphs to H-categories. To every oriented H-category, we can associate (a possibly infinite) oriented graph, and vice versa. That is, we have functors (see [12] for the explicit construction of these functors):
where Grph is the category of oriented graphs. The functor Γ is, roughly speaking, defined on every edge e i ∈ E by:
The relationship between oriented H-categories and oriented graphs is made more precise in the following theorem (again, see [12] ).
Theorem 2.
There is an isomorphism of categories,
where this isomorphism is given by the functor H : Hcat → Grph with inverse Γ : Grph → Hcat. 
We now have the necessary framework in which to introduce hybrid objects over a category.
Definition 2. Let T be a category. Then a hybrid object over T is a pair (H, S), where H is an H-category and
S : H → T is a functor (either covariant or contravariant). Given two hybrid objects, (H, S) and (H , S ), a morphism between these objects is a functor and a natural transformation (F , f ) : (H, S) → (H , S ) where F : H → H is a morphism in Hcat and f : S −→ S • F .
Hybrid
Manifolds. An important example of a hybrid object is a hybrid manifold, defined to be a functor M : HM → Man where HM is an H-category and Man is the category of smooth manifolds; in this paper, we assume that for every diagram (2), there is the following diagram: Example 2. For H FQ , the "hybrid manifold" portion of this hybrid system corresponds to the tuple (Γ, D, G, R). To make this explicit, the hybrid manifold associated to H FQ is given by the pair (H Γ , M H FQ ) where M H FQ is the functor defined on each bac-diagram in HΓ to be
Hybrid Systems. A hybrid system is a tuple (H M , M , X), where (H M , M ) is a hybrid manifold and
With this formulation of hybrid systems (it can be verified that this definition is consistent with the standard one), we can form the category of hybrid systems, HySys. The objects are hybrid systems and the morphisms are pairs (F , f ) :
That is, for all
Morphisms of hybrid systems are composed by composing the associated functor and natural transformation, respectively.
Example 3. The categorical hybrid system associated to H FQ is given by
where (H Γ , M H FQ ) is the hybrid manifold defined in the previous example and
Hybrid intervals. As with the continuous case discussed in Section 2, we need to introduce a notion of intervals for hybrid systems. Let Λ = {0, 1, 2, . . .} ⊆ N be a finite or infinite indexing set, from which we can associate a graph Γ Λ = (Q Λ , E Λ ), where Q Λ = Λ and E Λ is the set of pairs η j+1 = (j, j + 1) such that j, j + 1 ∈ Λ. From this graph we obtain an H-category HΓ Λ via (4); this implies that every bac-diagram in this H-category must have the form:
and so we denote by 0 the object of HΓ Λ corresponding to the vertex 0 ∈ Q Λ = Λ. Define Interval(Hcat) to be the subcategory of Hcat consisting of all H-categories obtained from graphs of this form. A hybrid interval now can be defined as a pair:
where HI is an object of Interval(Hcat), and we assume that for every bacdiagram in HI , there exist (switching times) τ j−1 , τ j , τ j+1 ∈ R ∪ {∞}, with τ j−1 ≤ τ j ≤ τ j+1 such that:
We also suppose that
Trajectories of hybrid systems. The importance of hybrid intervals is that, like classical intervals, they can be used to define trajectories of hybrid systems (which correspond to the classical notion of an execution for a hybrid system). The interval category of HySys, denoted by Interval(HySys), is the full subcategory of HySys with objects consisting of hybrid systems of the form (H I , I, d/dt) where (H I , I) is a hybrid interval and d/dt j = d/dt for all j ∈ Λ = Ob (→·←) (H I ).
Definition 3. A trajectory of a hybrid system (H M , M , X) is a morphism (C, c) in HySys:
where (H I , I, d/dt) is an object of Interval(HySys). In particular, this implies thatċ j (t) = X C(j) (c j (t)) for every object j ∈ Λ = Ob (→·←) (H I ).
Note that the functor C corresponds to the "discrete" portion of the trajectory, while the natural transformation c corresponds to the "continuous" portion. The discrete initial condition is given by C(0) and the continuous initial condition is given by c 0 (0) ∈ M C(0) , i.e., the initial condition to the trajectory is (c 0 (0), C(0)).
Example 4.
To better understand the categorical formulation of trajectories, we enumerate the consequences of Definition 3 for first quadrant hybrid systems. Let (C, c) :
be a trajectory of the hybrid system (H Γ , M H FQ , X H FQ ). Since c is a natural transformation, we have a commuting diagram:
This in turn implies that a trajectory must satisfy the following conditions:
which are the standard requirements on a trajectory.
We end this section by noting that, as with the continuous case, if (F , f ) :
is a morphism of hybrid systems, and (C, c) :
is a trajectory of (H M , M , X).
To better explain the mixed global and local nature of relatively globally asymptotically stable Zeno equilibria, we note that the term "global" is used because the hybrid subsystem (H Γ M , M Γ , X Γ ) is globally stable to the Zeno equilibria; this also motivates the use of the word "relative" as (H M , M , X) is stable relative to a hybrid subsystem. Finally, the local nature of this form of stability is in the discrete portion of the hybrid system, rather than the continuous one. That is, the H-subcategory H Γ M can be thought of as a neighborhood inside the H-category (see Fig. 1 , where the H-categories H Γ M and HM are represented by graphs in order to make their orientations explicit). The condition on the inclusion functor given in the definition is a condition that all edges (or morphisms) are pointing into the neighborhood. Zeno equilibria are intimately related to Zeno behavior for first quadrant hybrid systems. Proposition 1. If a first quadrant hybrid system H FQ is globally asymptotically stable at the Zeno equilibria z = {0}, then every trajectory with Λ = N is Zeno.
Conditions for the stability of H FQ . In order to give conditions on the stability of Zeno equilibria, it is necessary to give conditions on both the continuous and discrete portions of the hybrid system. That is, the conditions on stability will relate to three aspects of the behavior of the hybrid system: the continuous portion, the existence of events and the discrete portion. The map P i can be thought of as both a Poincaré map or a discrete Lyapunov function depending on the perspective taken. The final conditions are given by:
